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abstract
We generalize the local surface counterterm prescription suggested in Ein-
stein gravity for higher derivative (HD) and Weyl gravities. Explicitly, the
surface counterterm is found for three- and five-dimensional HD gravities. As
a result, the gravitational action for asymptotically AdS spaces is finite and
gravitational energy-momentum tensor is well-defined. The holographic trace
anomaly for d2 and d4 boundary (gauge) QFT dual to above HD gravity is
calculated from gravitational energy-momentum tensor. The calculation of
AdS black hole mass in HD gravity is presented within above prescrition.
The comparison with the standard prescription (using reference spacetime)
is done.
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1 Introduction
One of the important achievements in AdS/CFT correspondence (for a gen-
eral review and list of references, see [1]) is related with the possibility to
make the the finite gravitational action and to find the quasilocal stress
tensor in gravity using a local surface counterterm prescription [2]. With
such prescription one chooses the coordinate invariant functional of the in-
trinsic boundary geometry and adds it to gravitational action. As a result,
the equations of motion are not modified. However, the specific choice of
this functional (often called the surface counterterm) cancels the divergences
of gravitational action on the background under consideration. Then, one
comes to well-defined expression for gravitational energy-momentum tensor
and action [2].
From the very beginning, the local counterterm prescription looks more
elegant than the standard prescription of subtraction of reference spacetime.
There, the action is regulated by restriction of spacetime to the interior of
some boundary geometry and then, by subtraction of (infinite) gravitational
action of another (reference) background which has the same boundary [3].
Clearly, the standard prescription is ambiguous as it depends from the choice
of reference spacetime. Moreover, it is not always possible to select the neces-
sary reference background. Very often the embedding of boundary geometry
in the reference spacetime may be done only approximately. Nevertheless, in
many cases the standard prescription works and finite gravitational action is
obtained in the limit of infinite boundary. The quasilocal stress tensor could
be then found by variation of finite gravitational action over surface metric
[4].
The local surface counterterms prescription [2] has been successfully
tested in asymptotically AdS spacetimes. It reproduces correctly the mass
and angular momentum for various AdS backgrounds. The results coincide
with the ones for same background (say, energy evaluation [5, 6, 7, 8, 9, 10])
using standard procedure. Explicitly, the surface counterterms (finite poly-
nomials) for d ≤ 4, d ≤ 6, d ≤ 8 asymptotically AdS spacetimes have been
found in refs.[2, 11, 12] respectively.
It is very interesting that such prescription has clear similarity (via
AdS/CFT correspondence) with usual counterterms prescription (renormal-
ization) in quantum field theory. Moreover, as it was shown in ref.[13](see
also ref.[14]) the local surface counterterm prescription admits the natural
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continuation for asymptotically flat spaces.
So far, the consideration of above prescription has been limited to Einstein
gravity where the universal and widely accepted Gibbons-Hawking boundary
term [3] is known. The role of this term is to make the variational procedure
to be well-defined one.
It would be extremely interesting to test the universality of prescription
[2] applying it to another gravitational theories. The purpose of this work
is to formulate the local counterterm prescription for higher derivative (or
R2) gravity. As is known such theory is good alternative for Einstein grav-
ity. Moreover, it could be that higher derivative (HD) terms are relevant
only near Planck scale as there may be mechanisms to make such HD terms
negligible at present stage of Universe evolution. Such theory is well studied
as perturbative QFT (for a review, see [15]). HD gravity has better ultra-
violet properties than Einstein one. From another side, HD gravity often
appears as low-energy effective action from string theory. Hence, it may be
considered as stringy gravity. The important difference of HD gravity from
Einstein gravity is the fact that boundary term (analog of Gibbons-Hawking
term) is not only much more complicated but also there is no standard form
of such term accepted in the literature. The reason is that boundary term
also includes the HD terms. Hence, it is quite difficult to make the varia-
tional procedure for HD gravity to be well-defined (unlike the case of Einstein
gravity).
In the next section we discuss the boundary term in HD gravity and
in its special version (Weyl or stringy) gravity. The local surface countert-
erm in such theories is explicitly found for d2 and d4 cases, i.e. when the
corresponding gravity theory (bulk) is formulated in three and five dimen-
sions. Comparison with the Einstein gravity is made. As a result the finite
gravitational action for HD gravity is found as well as gravitational energy-
momentum tensor. From this as an explicit check we define the holographic
conformal anomaly in d2 and d4 (via AdS/CFT correspondence). This con-
formal anomaly found from finite gravitational action in three and five di-
mensions coincides with the previous calculation of holographic conformal
anomaly using other methods. In third section the calculation of AdS black
hole mass is done for HD gravity. In this calculation the local surface coun-
terterm prescription is used. It is shown that the result coincides with the
corresponding calculation with the help of standard prescription. Sometimes,
there may appear some finite difference between the calculation in two differ-
3
ent prescriptions. This difference is regarded as regularization dependence.
We show how one can make two different results coinciding by fixing of some
arbitrary parameters in local surface counterterm for HD gravity. In last
section the short summary is given.
2 Surface counterterm and finite gravita-
tional action
In the present section we will define the local surface counterterm for HD
gravity in three and five dimensions. This will make the corresponding grav-
itational action for asymptotically AdS spaces to be finite. We start with the
action:
S =
∫
Md+1
dd+1x
√
−Gˆ
{
aRˆ2 + bRˆµνRˆ
µν + cRˆµνξσRˆ
µνξσ +
1
κ2
Rˆ − Λ
}
. (1)
Here Md+1 is d + 1 dimensional manifold whose boundary is d dimensional
manifold Md. The conventions of curvatures are given by
R = gµνRµν
Rµν = −Γλµλ,κ + Γλµκ,λ − ΓηµλΓλκη + ΓηµκΓλλη
Γηµλ =
1
2
gην (gµν,λ + gλν,µ − gµλ,ν) . (2)
When a = b = c = 0, the action (1) becomes that of the Einstein gravity:
S =
∫
Md+1
dd+1x
√
−Gˆ
{
1
κ2
Rˆ− Λ
}
. (3)
If we choose
a =
2
d(d− 1) cˆ , b = −
4
d − 1 cˆ , c = cˆ (4)
the HD part of action is given by the square of the Weyl tensor Cµνρσ :
S =
∫
Md+1
dd+1x
√
−Gˆ
{
cˆCˆµνξσCˆ
µνξσ +
1
κ2
Rˆ − Λ
}
. (5)
The string theory dual to N = 2 superconformal field theory is presumably
IIB string on AdS5×X5 [16] where X5 = S5/Z2. (The N = 2 Sp(N) theory
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arises as the low-energy theory on the world volume on N D3-branes sitting
inside 8 D7-branes at an O7-brane). Then in the absence of Weyl term, 1
κ2
and Λ are given by
1
κ2
=
N2
4π2
, Λ = −12N
2
4π2
. (6)
This defines the bulk gravitational theory dual to suer YM theory with two
supersymmetries. The Riemann curvature squared term in the above bulk
action may be deduced from heterotic string via heterotic-type I duality [17].
Using field redefinition ambiguity [18] one can suppose that there exists the
scheme where R2µναβ may be modified to C
2
µναβ in the same way as in ref.[19].
Then, the action (3) is presumably the bulk action dual to N = 2 SCFT. In
[20], for the N = 2 theory with the gauge group Sp(N), the usual UV Weyl
anomaly via AdS/CFT correspondence is reproduced if
c˜ =
6N − 1
24 · 16π2 ,
1
κ2
=
12N2 + 12N − 1
3 · 16π2 . (7)
The second equation in (7) is, however, not compatible with (6), where 1
κ2
=
N2
4π2
. This might suggest that some sub-leading corrections to 1
κ2
and/or Λ
would be necessary. The explicit form of such sub-leading terms has been
defined in ref.[20]. We call the model corresponding to (5) as stringy gravity.
When a, b and c are given by
a = c = aˆ , b = −4aˆ (8)
for d = 3, the R2 terms in (1) form the Gauss-Bonnet invariant G˜:
S =
∫
Md+1
dd+1x
√
−Gˆ
{
aˆG˜+
1
κ2
Rˆ− Λ
}
. (9)
The variation of the action (1) with respect to Gˆµν is given by
δS = δSMd+1 + δSMd (10)
δSMd+1 =
∫
Md+1
dd+1x
√
−GˆδGˆζξ
[
−1
2
Gζξ
{
aRˆ2 + bRˆµνRˆ
µν
+cRˆµνξσRˆ
µνξσ +
1
κ2
Rˆ− Λ
}
+2aRRζξ + 2bRˆµζRˆ
µ
ξ + 2cRˆζµνξRˆ
µνξ
ξ +
1
κ2
Rˆζξ + · · ·
]
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δSMd =
∫
Md
ddx
√
−gˆnµ
[
2aRˆ
{
∂µ
(
GˆξνδGˆ
ξν
)
−Dν
(
δGˆµν
)}
+2b
{
1
2
Rˆµν∂ν
(
GˆξσδGˆ
ξσ
)
− RˆνσDσ
(
δGˆµν
)
+
1
2
RˆξσD
µ
(
δGˆξσ
)}
+ 4cRˆµνξσDξ
(
Gˆντ GˆσκδGˆ
τκ
)
+
1
κ2
{
∂µ
(
GˆξνδGˆ
ξν
)
−Dν
(
δGˆµν
)}]
.
Here · · · in δSMd+1 expresses the terms containing the covariant derivative of
the curvatures, gˆµν is the metric on Md induced from Gˆµν and nµ is the unit
vector normal to Md. We now choose the metric in the following form:
ds2 ≡ Gˆµνdxµdxν = l
2
4
ρ−2dρdρ+
d∑
i=1
gˆijdx
idxj , gˆij = ρ
−1gij . (11)
Then nµ and its covariant derivatives are given by,
nµ =
(
2ρ
l
, 0, · · · , 0
)
, Dρn
ρ = Dρn
i = Din
ρ = 0 , Din
j =
ρ
l
gˆikgˆ′kj . (12)
Here ′ ≡ ∂
∂ρ
. In the coordinate choice (11), the surface terms δSMd in (10)
have the following form
δSMd = limρ→0
∫
Md
ddx
√
−gˆ2ρ
l
[
2aRˆ
(
gˆijδgˆ
ij
)′
+b
{
Rˆρ
ρ
∂ρ
(
gˆijδgˆ
ij
)′
+ Rˆij
(
δgˆij
′
+ gˆikgˆklδgˆ
lj
)}
+4cRˆρ ρi j
(
δgˆij
′
+ gˆikgˆklδgˆ
lj
)
+
1
κ2
∂ρ
(
gˆijδgˆ
ij
)]
. (13)
Note that the terms containing δgˆρρ or δgˆρi vanish. The variation δSMd
contains the derivative of δgˆij with respect to ρ, which makes the variational
principle ill-defined. In order that the variational principle is well-defined on
the boundary, the variation of the action should be written in the form of
δSMd = limρ→0
∫
Md
ddx
√
−gˆδgˆij {· · ·} (14)
after using the partial integration. If we put {· · ·} = 0 for {· · ·} in (14),
we could obtain the boundary condition. If the variation of the action on
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the boundary contains (δgˆij)′, however, we cannot partially integrate it with
respect to ρ on the boundary to rewrite the variation in the form of (14) since
ρ is the coordinate expressing the direction perpendicular to the boundary.
Therefore the “minimum” of the action is ambiguous. Such a problem was
well studied in [3] for the Einstein gravity (a = b = c = 0) and the boundary
term was added to the action, which cancels the variation :
SGHb = −
2
κ˜2
∫
Md
ddx
√
−gˆDµnµ . (15)
In the coordinate choice (11), the action (15) has the form
SGHb = −
2
κ˜2
∫
Md
ddx
√
−gˆ ρ
l
gˆij (gˆij)
′ . (16)
Then the variation over the metric gˆij gives
δSGHb = −
2
κ˜
∫
Md
ddx
√
−gˆ ρ
l
[
δgˆij
{
−gˆikgˆil (gˆkl)′ − 1
2
gˆij gˆkl (gˆkl)
′
}
+ gˆij (δgˆij)
′
]
.
(17)
From the other side, the surface terms in the variation of the bulk Einstein
action (a = b = c = 0 in (13)) have the form
δSEinsteinMd = limρ→0
1
κ2
∫
Md
ddx
√
−gˆ2ρ
l
[
gˆ′ijδgˆ
ij + gˆij
(
δgˆij
)′]
. (18)
Then we find the terms containing (δgˆij)
′
in (17) and (18) are cancelled with
each other.
For HD gravity with the square of the scalar curvature and the square of
the Weyl tensor Cµνρσ, where the action is given by
S =
∫
Md+1
dd+1x
√
−Gˆ
{
aRˆ2 + cˆCˆµνξσCˆ
µνξσ
}
, (19)
the boundary terms were proposed in [21] as follows:
SHLb =
∫
Md
ddx
√
−gˆ
[
4
(
a+
2cˆ
d(d− 1)
)
RˆDµn
µ
− 8cˆ
d − 1
(
nµnνRˆ
µνDσn
σ + RˆµνD
µnν
)
+8cˆnµnνRˆ
µτνσDτnσ
]
. (20)
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For general R2 gravity (1), if the curvatures would not contain (gˆij)
′ nor
(gˆij)
′′, which appear in δSMd of (10), the boundary term would be given by
SR
2
b =
∫
Md
ddx
√
−gˆ
[
4aRˆDµn
µ + 2b
(
nµnνRˆ
µνDσn
σ + RˆµνD
µnν
)
+8cnµnνRˆ
µτνσDτnσ − 2
κ˜2
Dµn
µ
]
. (21)
If we choose a → a + 2
d(d−1)
cˆ, b → − 4
d−1
cˆ, c → cˆ (see Eq.(4)), the boundary
terms for the action with the squares of the scalar curvature and the Weyl
tensor correspond to the boundary action (20) in [21]. In the coordinate
choice (11), SR
2
b in (21) has the following form:
SR
2
b = lim
ρ→0
∫
Md
ddx
√
−gˆ ρ
l
[
−4aRˆgˆij
(
gˆij
)′ − 2b(Rˆρρgˆij (gˆij)′ + Rˆij (gˆij)′
)
+8cRˆρiρj
(
gˆij
)′ − 2
κ˜2
gˆij
(
gˆij
)′]
. (22)
In the coordinate choice (11), the curvatures appearing in (22) have the
following forms:
R = ρR +
3ρ2
l2
gˆij gˆklgˆ′ikgˆ
′
jl −
4ρ2
l2
gˆij gˆ′′ij −
ρ2
l2
gˆij gˆklgˆ′ij gˆ
′
kl
Rρρ =
1
4
gˆij gˆklgˆ′ikgˆ
′
jl
Rij = Rij +
2ρ2
l2
gˆklgˆ′ikgˆ
′
jl −
2ρ2
l2
gˆ′′ij −
ρ2
l2
gˆklgˆ′ij gˆ
′
kl
Rρiρj =
1
4
gˆklgˆ′ikgˆ
′
jl −
1
2
gˆ′′ij . (23)
Here R and Rij are scalar and the Ricci curvatures given by gij in (11). We
should note that the curvatures contain (gˆij)
′ and/or (gˆij)
′′. Therefore the
variation of the curvatures in the surface terms in (21) or (22) induces new
terms containing (δgˆij)
′
and (δgˆij)
′′
. Therefore we need to add more surface
terms to cancel them. It seems very difficult to cancel the terms containing
(δgˆij)
′′
. Instead of (21), we choose Sb by new parameters a˜, b˜, c˜ and κ˜ in the
following form:
Sb = S
(1)
b + S
(2)
b
8
S
(1)
b =
∫
Md
ddx
√
−gˆ
[
4a˜RˆDµn
µ + 2b˜
(
nµnνRˆ
µνDσn
σ + RˆµνD
µnν
)
+8c˜nµnνRˆ
µτνσDτnσ − 2
κ˜2
Dµn
µ
]
S
(2)
b =
∫
Md
ddx
√
−gˆ
[
ξR˜ + η
]
. (24)
Here R˜ is the scalar curvature on the boundary and is defined via gˆij in (11).
In (24), S
(1)
b is a generalization of (15) in Einstein gravity and corresponds
to (21). We also need to add S
(2)
b (surface counterterm) which cancels the
divergence appearing in the limit of ρ → 0 in the action. The divergence
makes the energy-momentum tensor ill-defined. Note that S
(2)
b is only given
in terms of the boundary quantities, which do not affect the variational prin-
ciple. If κ˜ = κ, the term corresponding to − 2
κ˜
Dµn
µ is the term found in [3].
If we choose a˜ = a+ 2
d(d−1)
cˆ, b˜ = − 4
d−1
cˆ, c˜ = cˆ as in Weyl gravity (see Eq.(4)),
the boundary terms correspond to (20). Since it is difficult to determine the
coefficients a˜, b˜, c˜ and κ˜ by the variational principle in a closed form, we
determine the coefficients a˜, b˜, c˜ and κ˜ and also η and ξ simultaneously from
the condition of the cancellation of the divergences. If d ≤ 4, the terms in
(24) are enough to well-define the variational principle in the asymptotically
AdS background. As we define these coefficients from the condition of can-
cellation of the divergence, not only S
(2)
b will be surface counterterm but also
part of surface counterterm will be included in S
(1)
b . It is difficult to divide
S
(1)
b to boundary term and surface counterterm (and such division even looks
unnatural as same terms with different coefficients appear from both parts
of surface terms) so we keep this term mixed. The important thing will be
that it leads to finite gravitational action for asymptotically AdS spaces.
In the coordinate choice (11), Sb in (24) has the following form:
Sb = lim
ρ→0
∫
Md
ddx
√
−gˆ ρ
l
[
−4a˜Rˆgˆij
(
gˆij
)′ − 2b˜(Rˆρρgˆij (gˆij)′ + Rˆij (gˆij)′
)
+8c˜Rˆρiρj
(
gˆij
)′ − 2
κ˜2
gˆij
(
gˆij
)′
+
l
ρ
(
ξR˜ + η
)]
. (25)
We now determine the coefficients a˜, b˜, c˜ and κ˜ and also η and ξ to cancel
the divergent parts in the bulk action (1). The divergent parts, except the
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logarithmically divergent parts, in the bulk action is given by
S =
∫
dd+1x
lρ−
d
2
−1
2
√
−g(0)
[
4d3 + 4d2
l4
a+
4d2
l4
b+
8d
l4
c− 2d
l2κ2
+ρ
{
R(0)
(
−2d(d+ 1)
l2
a− 2d
l2
b− 4
l2
c +
1
κ2
)
+gij(0)g(1)ij
(−4d3 + 4d2 + 8d
2l4
a+
−4d2 + 8d
2l4
b+
−4d+ 8
l4
c
+
2d− 4
2l2κ2
)}
+O
(
ρ2
)]
. (26)
Here we expand the metric gij as a power series with respect to ρ,
gij = g(0)ij + ρg(1)ij + ρ
2g(2)ij + · · · (27)
and the radius l of AdS is found by solving the equation
0 =
d4 − 2d3 − 3d2
l4
a +
d3 − 3d2
l4
b+
2d2 − 6d
l4
c− d
2 − d
κ2l2
− Λ , (28)
which follows from eqs. of motion. In Eq.(26), Λ is deleted by using (28).
Especially the term proportional to gij(0)g(1)ij in (26) would break the prin-
ciple of the holography, where only g(0)ij , which is the boundary value of the
metric tensor gij , should give the boundary condition but g(1)ij , which is the
first order derivative of gij with respect to ρ, should not do. If we treat g(1)ij
as dynamical variable, we obtain the equation g(0)ij = 0 from the variation
of g(1)ij , which is inconsistent.
For d = 4 there also appear the following logarithmically divergent terms:
Sln =
∫
dd+1x
lρ−
d
2
+1
2
√
−g(0)
[
aR2(0) + bR(0)ijR
ij
(0) + cR(0)ijklR
ijkl
(0)
+Rij(0)g(1)ij
(
l2K +
2d− 4
l2
b
)
− 3(d− 4)Kgij(0)g(2)ij
+R(0)g
ij
(0)g(1)ij
(
− l
2
2
K +
4d− 4
l2
a+
2
l2
b+
4
l2
c
)
(29)
+gij(0)g
kl
(0)g(1)ikg(1)jl
(
3d− 10
2
K +
4d2 − 16d+ 16
4l4
b+
4d− 8
l4
c
)
+
(
gij(0)g(1)ij
)2 (−3d− 8
4
K +
4d2 − 8d+ 4
l4
a+
3d− 4
l4
b+
4
l4
c
)]
.
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Here
K ≡ 2d
2 + 2d
l4
a +
2d
l4
b+
4
l4
c− 1
l2κ2
. (30)
The divergent part of the boundary action (24) is given by
Sb = lim
ρ→0
∫
ddx
ρ1−
d
2
l
√
−g(0)
[(
4d3 + 4d2
l2
a˜+
4d2
l2
b˜+
8d
l2
c˜− 2d
κ˜2
+ lη
)
1
ρ
+(−4da˜− 2b˜+ ξl)R(0) +
{
2d3 − 10d2 + 4d
l2
a˜ +
2d2 − 8d+ 4
l2
b˜+
4d− 8
l2
c˜
+
−d+ 2
κ˜2
+
l
2
η
}
gij(0)g(1)ij +O(ρ)
]
. (31)
Comparing (26) and (31), we find that the cancellation of the divergence
requires
0 = 2dK˜l2 + lη − 2Kl2
0 = −4da˜− 2b˜+ lξ + l
4K
d− 2 (32)
0 = (2d+ 2)(−4da˜− 2b˜)− (−d+ 2)K˜l4 + l
3η
2
+Kl4 .
Here
K˜ ≡ 2d
2 + 2d
l4
a˜ +
2d
l4
b˜+
4
l4
c˜− 1
l2κ˜2
. (33)
Eq.(32) can be rewritten as follows:
K˜ = K − d+ 1
l4
A , η = (2− 2d)Kl − 2d(d+ 1)
l3
A , ξ = − l
3
d− 2K +
A
l
.
(34)
Here
A ≡ 4da˜+ 2b˜ . (35)
The above equations seem not to be consistent with the result in [21], which
requires K˜ = K even if A 6= 0. As the number of the independent parameters,
a˜, b˜, c˜, κ˜, ξ and η, is six but the number of the equations in (33) is three,
there are three independent parameters. If we choose a˜ = b˜ = c˜ = 0, we find
1
κ˜2
= −l2K , η = (2− 2d)Kl , ξ = − l
3
d − 2K . (36)
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Especially in case of pure Einstein theory with cosmological term (a = b =
c = 0), we find
1
κ˜2
=
1
κ2
, η =
(2d− 2)
lκ2
, ξ =
l
(d− 2)κ2 , (37)
This exactly corresponds to the counterterms in [13]. When we choose a˜ =
b˜ = c˜ = 0, the energy-momentum tensor defined by S
(2)
b has the following
form
Tij ≡ 1√−g˜
δS
(2)
b
δgˆij
= ξ
(
R˜ij − 1
2
R˜gˆij
)
− η
2
gˆij . (38)
The expression in (38) coincides with the full energy-momentum tensor in
[13] for the Einstein gravity.
Let us consider the holographic trace anomaly making the choice a˜ = b˜ =
c˜ = 0 in (36). First we consider 2d case, where we should drop ξ term since
it is finite. In order to control the logarithmically divergent terms in the bulk
action S, we choose d − 2 = ǫ < 0. Then the total action S + Sb has the
following form
S + Sb = l
3K
∫
Md+1
dd+1x
ρ1−
ǫ
2
2
√
−g(0)
(
−R(0) − ǫ
l2
gij(0)g(1)ij +O (ρ)
)
= l3K
∫
Md
ddx

ρ1−
ǫ
2
0
ǫ
√
−g(0)
(
−R(0) − ǫ
l2
gij(0)g(1)ij
)
+O
(
ρ
1− ǫ
2
0
) .(39)
Here we replaced the integration over Md+1 by∫
Md+1
dd+1x→
∫
Md
ddx
∫
ρ0
dρ (40)
with the finite (infrared) cutoff ρ0, which is taken to be zero finally. We use
the equation of the motion derived from (29) with respect to the variation
over g(1)ij
0 = ARij(0) +Bg
ij
(0)R(0) + 2Cg
ik
(0)g
jl
(0)g(1)kl + 2Dg
ij
(0)g
kl
(0)g(1)kl
A ≡ l2K + 2d− 4
l2
b
B ≡ − l
2
2
K +
4d− 4
l2
a+
2
l2
b+
4
l2
c
12
C ≡ 3d− 10
2
K +
d2 − 4d+ 4
l4
b+
4d− 8
l4
c
D ≡ −3d − 8
4
K +
4d2 − 8d+ 4
l4
a +
3d− 4
l4
b+
4
l4
c (41)
and solve the equation with respect to g(1)ij . Just for d = 2, we obtain
g(1)ij = − l
2
4
R(0)ij − l
2
8
R(0)g(0)ij = − l
2
4
R(0)g(0)ij . (42)
(Note that R(0)ij =
1
2
R(0)g(0)ij in 2 dimensions.) Therefore we obtain
gij(0)g(1)ij = −
l2
2
(1 +O(ǫ)) . (43)
Since δ
δg
ij
(0)
(∫
Md
ddx
√−g(0)R(0)
)
=
√−g(0)
(
R(0)ij − 12g(0)ijR(0)
)
, of course, we
obtain
gij(0)
δ
δgij(0)
(∫
Md
ddx
√
−g(0)R(0)
)
= − ǫ
2
√
−g(0)R(0) . (44)
Therefore only the leading term in (39) contributes to the trace anomaly
and gij(0)g(1)ij term, which gives the contribution of O(ǫ), does not contribute.
Then the trace anomaly for d = 2 is given by
T = lim
ǫ→0−
2gˆij(0)√
−gˆ(0)
δ(S + Sb)
δgˆij(0)
= l3KR(0) , (45)
which is identical with the result found in [22] where another method was
used. Note that there comes the contribution only from the bulk action.
Although the equations of motion make the contribution vanish in the bulk
but the additional contribution can appear from the surface due to the partial
integration.
We now consider d = 4 case. In this case we obtain,
S + Sb = Sln + finite terms . (46)
As in d = 2 case, we use dimensional regularization putting d = 4 + ǫ < 0.
Eq.(41) can be solved with respect to g(1)ij just for d = 4 + ǫ as follows
g(1)ij = − l
2
2
R(0)ij +
l2
24
R(0)g(0)ij +O(ǫ) . (47)
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Substituting (47) into Sln in (29) and using the regularization in (40), we
obtain
Sln =
1
ǫ
∫
Md
ddx
√
−g(0)
{(
− l
3
8κ2
+ 5al + bl
)
(G− F ) + cl
2
(G+ F ) +O(ǫ)
}
(48)
Here we used the Gauss-Bonnet invariant G and the square of the Weyl
tensor F , which are given by
G = R2(0) − 4R(0)ijRij(0) +R(0)ijklRijkl(0)
F =
1
3
R2(0) − 2R(0)ijRij(0) +R(0)ijklRijkl(0) . (49)
In (48), O(ǫ) term contains gij(0)g(2)ij and other terms are a sum of the square
of the curvatures R2(0), R(0)ijR
ij
(0) and R(0)ijklR
ijkl
(0) . If we use the equation
of motion, gij(0)g(2)ij term can be given in terms of g(0)ij . From the dimen-
sional analysis, we can find that gij(0)g(2)ij term is also given by a sum of the
square of the curvatures and, if exists, the second order total derivatives of
single curvature: ✷(0)R(0) or D
i
(0)D
j
(0)R(0)ij . The total derivative terms can
be dropped in the action due to the volume integration over Md. Since
gij(0)
δ
δgij(0)
(∫
Md
ddx
√
−g(0)P(0)
)
= − ǫ
2
√
−g(0)P(0) +
(
a sum of ✷(0)R(0) and D
i
(0)D
j
(0)R(0)ij
)
P(0) = R
2
(0), R(0)ijR
ij
(0), R(0)ijklR
ijkl
(0) , (50)
and the second order total derivatives of single curvature: ✷(0)R(0) and
Di(0)D
j
(0)R(0)ij , can be eliminated by a local counter terms if they appear in
the trace anomaly, the O(ǫ) terms in (48) do not contribute to the anomaly.
We obtain the following expression for the trace anomaly for d = 4
T =
(
− l
3
8κ2
+ 5al + bl
)
(G− F ) + cl
2
(G+ F ) . (51)
The above result in (51) coincides with that in [22]. From here it is easy to get
the holographic trace anomaly for Weyl gravity. Hence, we found the finite
gravitational action (for asymptotically AdS spaces) in HD gravity in three
14
and five dimensions by adding the local surface counterterm. This action
correctly reproduces of holographic trace anomaly for dual (gauge) theory in
d2 and d4. In principle, one can generalize all results for higher dimensions,
say, d6, etc. With the growth of dimension, the technical problems become
more and more complicated as the number of structures in boundary term
is increasing.
3 AdS black hole mass
Now using the local surface counterterm prescription and the counterterm
explicitly found in the previous section, we will find AdS black hole mass in
HD gravity.
When the metric of the reference spacetime (e.g. AdS) has the following
form
ds2 = f(r)dr2 −N2(r)dt2 +
d−1∑
i,j=1
σijdx
idxj , (52)
the mass M of the black hole like object is given by
M =
∫
dd−1x
√
σNδTtt
(
ut
)2
. (53)
Here δTtt is the difference of the (t, t) component of the energy-momentum
tensor in the spacetime with black hole like object from that in the reference
spacetime and ut is the t component of the unit time-like vector normal to
the hypersurface given by t =constant.
First we consider the case of c = 0 in (1), where the Schwarzschild anti-de
Sitter black hole is the exact solution:
ds2S-AdS = −e−2σdt2 + e2σdr2 +
r2
l2
d−1∑
i=1
g˜ijdx
idxj
e−2σ =
r2
l2
(
krd−2
d− 2 +
λ2
d(d− 1)rd − µ
)
. (54)
Here l is given by solving (28) after putting c = 0 and g˜ij is the metric of
d− 1 dimensional Einstein manifold, where the Ricci tensor R˜ij given by g˜ij
is proportional to g˜ij:
R˜ij = kg˜ij . (55)
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We now consider the d = 4 and k = 0 case which appears in the throat limit
of D3-brane. Then the (t, t) component of the energy-momentum tensor in
(38) has the following form:
Ttt =
η
2
gˆtt =
η
2
(
−r
2
l2
+
r40
l2r2
)
. (56)
Note that the Ricci tensor R˜ij and the scalar curvature R˜ in (38) vanish since
k = 0, which tells the boundary space is flat. Then we find
δTtt = Ttt − TAdStt =
ηr40
2l2r2
, TAdStt = −
ηr2
2l2
. (57)
For the reference AdS metric, we find
√
σN =
r2
l2
. (58)
Then substituting (57) and (58) into (53), the mass M is
M =
ηr40
2l4
∫
d3x , (59)
which agrees with the result obtained by using the standard prescription in
[23]. Especially, in the Einstein gravity case a = b(= c) = 0, it reproduces
the standard prescription result in [24, 25]:
M =
3r40
l5κ2
∫
d3x . (60)
We now consider the Weyl gravity (5). In this model, AdS is the exact
solution and from (28) we find its radius is identical with that of the Einstein
gravity:
l2 = − 12
Λκ2
. (61)
The Schwarzschild-AdS (S-AdS) solution is not, however, the exact solution
of the system. Assuming cˆ is small, we can solve S-AdS type solution per-
turbatively :
e−2σ =
l2
r2
(
1− r
4
0
r4
+ 2ǫ
r80
r8
)
ǫ ≡ cˆκ
2
l2
. (62)
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Here we make the coordinate choice as in (54) :
ds2 = −e−2σdt2 + e2σdr2 + r
2
l2
d−1∑
i=1
ηijdx
idxj . (63)
As the difference of the asymptotic behavior from that of the S-AdS solution
in the Einstein gravity appears only in the next-to-next order in 1
r4
, we can
evaluate the mass M in the way similar to c = 0 case in (59)
M =
ηr40
2l4
∫
d3x =
3r40
l5κ2
∫
d3x . (64)
In (64), the ǫ (cˆ) correction does not appear and the result does not seem to
agree with the standard prescription result in [23], where the mass (energy)
is given by
M =
3 (πT ) l3
κ2
(1 + 18ǫ)
∫
d3x . (65)
Here the temperature T is given by
πT =
r0
l2
(
1− 5
2
ǫ
)
. (66)
Therefore we obtain
M =
3r40
l5κ2
(1 + 8ǫ)
∫
d3x . (67)
In (67), there appear ǫ corrections in the next-to-leading order, which con-
flict with (65). This expresses the ambiguity in R2 gravity in the choice of
regularizations (standard prescription or local counterterm prescription) to
make the action to be finite. In fact, we have chosen a˜ = b˜ = c˜ = 0 in Eq.(36)
in order to fix the ambiguities in Eq.(34). For general case when a˜, b˜ and c˜
do not vanish, η in (34) is shifted by A in (35). Then we obtain, instead of
(64),
M =
ηr40
2l4
∫
d3x =
3r40
l5κ2
(
1− 20κ
2
3l2
A
) ∫
d3x . (68)
Therefore the expression in (67) can be reproduced if we choose
− 20κ
2
3l2
A = 8ǫ (69)
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or using the expression for ǫ in (62)
A = −6
5
cˆ . (70)
Then for general case with c 6= 0, it would be natural to choose
A = −6
5
c (71)
that is, in terms of η and ξ in (34) for d = 4,
η = −6l
(
40a
l4
+
8
l4
− 4c
l4
− 1
l2κ2
)
, ξ = − l
3
2
(
40a
l4
+
8
l4
+
8c
5l4
− 1
l2κ2
)
.
(72)
Even if we choose A as in (71), of course, the previous results when c = 0 do
not change.
As a check, we consider a = b = 0 but c 6= 0 case. By the calculation
similar to the previous case of the square of the Weyl tensor, we obtain
M =
ηr40
2l4
∫
d3x =
3r40
l4
(
1 +
4κ2c
l2
)∫
d3x . (73)
Note that from (72), η is now given by
η = − 6
lκ2
(
1 +
4cκ2
l2
)
. (74)
The result in (73) agrees with the result obtained by using standard prescrip-
tion in [23]. In [23], the corresponding eq. is given by
M = E =
3V3 (πT )
4
κ2
(
1 + 12cκ2
)
1
κ2
=
N2
4π2
, cκ2 =
1
16
, V3 =
∫
d3x . (75)
Here l is chosen to be unity: l = 1. Since the temperature T is given by
πT = r0
(
1− 2cκ2
)
, (76)
we find
M =
3V3r
4
0
κ2
(
1 + 4cκ2
)
, (77)
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which is identical with (73) if we put l = 1.
Hence, we showed how for general HD gravity by fixing of unspecified
parameters of local surface counterterm to make the complete correspondence
between standard prescription and local surface counterterm prescription
(at least, in asymptotically AdS spaces). One can now repeat the similar
calculation for another asymptotically AdS spaces, like Kerr-AdS one, etc.
4 Discussion
In summary, in this paper we constructed the local surface counterterm for
HD gravity and for Weyl (stringy) gravity. Its coefficients are defined for
general three- and five-dimensional HD gravity. Adding the local surface
counterterm to bulk action of HD gravity makes the complete gravitational
action to be finite (at least for asymptotically AdS spaces). The gravitational
energy-momentum tensor is getting also to be well-defined. As a by-product
we obtain the holographic conformal anomaly corresponding to d2 and d4
dual boundary quantum field theory (via AdS/CFT correspondence). This
result coincides with the previous calculation made by different method. The
calculation of AdS black hole mass for HD gravity is made, using local surface
counterterm prescription. The corresponding mass (energy) for AdS space
under consideration coincides with the standard prescription result.
Hence, our results indicate to universality of local surface counterterm
prescription developed originally for Einstein gravity. It is very interesting
to note that there are immediate directions on extension of our results. First
of all, one could consider higher dimensional versions (say seven-dimensional
gravity) and to construct the corresponding local surface counterterm and
finite gravitational action in this case. This may be useful in construction
(via AdS/CFT correspondence) of dual six-dimensional quantum field theory
(or, at least in consideration of next-to-leading corrections in such theory).
Second, we limited our discussion to asymptotically AdS spaces. Clearly, one
can generalize the local surface counterterm in HD gravity in the way indi-
cated in ref.[13] for Einstein gravity in order to make the gravitational action
to be finite in asymptotically flat (or other non-compact) spaces. Third, hav-
ing the correct boundary term in HD gravity one may reconsider the circle
of problems related with the role of higher derivative gravitational terms to
early Universe (for example, minisuperspace model). This will be considered
19
elsewhere.
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